In order to extract the Cabibbo-Kobayashi-Maskawa matrix element |V ub | from B → X u lν l decays, the overwhelming background from B → X c lν l decays must be reduced by appropriate acceptance cuts. We study the non-perturbative effects due to the motion of the b quark inside the B meson on the phenomenologically relevant decay distributions of B → X u lν l in the presence of such cuts in a comparative analysis based on shape functions and the parton model in the light-cone limit. Comparisons with recent data from the CLEO, BABAR, and BELLE collaborations favor the shape-function approach.
Introduction
To test the predictions of the Standard Model for the simultaneous violation of the charge conjugation and parity (CP) symmetries in B-meson decays, it is very important to know the matrix element |V ub | of the Cabibbo-Kobayashi-Maskawa quark-mixing matrix [1] very accurately. The uncertainties in existing measurements, by the CLEO [2] , BABAR [3, 4, 5, 6] , and BELLE [7, 8, 9] collaborations, are dominantly due to uncertainties in the theoretical calculation of partial decay rates to be compared with the experimental measurements. Experimentally, the inclusive rate ∆Γ ulν (∆Φ) of B → X u lν l decays in a restricted region ∆Φ of phase space is measured, where the dominant charm background is suppressed and theoretical uncertainties are reduced. The theoretical factor R(∆Φ) directly relates the inclusive rate to |V ub | without extrapolation to the full phase space, as
The uncertainties in the calculation of R(∆Φ) dominantly originate from the modeling of the Fermi motion of the b quark inside the B meson. Most of the recent analyses towards the determination of |V ub | from measurements of ∆Γ ulν (∆Φ) [4, 5, 8, 9] rely on the calculation of R(∆Φ) by Lange et al. [10] . They use the so-called shape-function (SF) scheme, which is an extended version of the original SF approach [11, 12] with many effects due to renormalization-group-improved perturbation theory, higher-order power corrections from subleading SF terms, etc. But there are many more approaches known for describing the non-perturbative B → b transition. We mention the Altarelli-CabibboCorbo-Maiani-Martinelli (ACCMM) model [13] , one of the oldest models to describe the motion of the b quark inside the B meson. In this model, it is assumed that the B meson consists of the b quark and a spectator quark, with definite mass m spec and momentum p spec , which is considered quasi-free. The b quark is treated as a virtual particle with a mass depending on p spec . Another popular model for describing the non-perturbative B → b transition is the model of Bareiss, Jin, Palmer, and Paschos based on the parton model approach in the light-cone (LC) limit [14, 15] . All these models, including the SF models, contain phenomenological functions of the respective variables describing the motion of the b quark inside the B meson with parameters fitted to the b-quark mass and one or two characteristic moments of these functions. Another approach tries to avoid these non-perturbative functions by assuming that the fragmentation of the B meson into the b quark and the spectator quark can be described as a radiation process off the b quark with a proper coupling inserted in the standard soft-gluon resummation formula [16] . For a similar approach, referred to as dressed-gluon exponentiation (DGE) in the literature, see Ref. [17] . Given the variety of approaches for treating the non-perturbative transition, it is desirable to make an attempt to compare these approaches with respect to their predictions for R(∆Φ) and other physical observables. In this work, we shall make such a comparison between the simple SF approach and the parton model approach in the LC limit, which we shall refer to as the LC approach in the following. Such a comparison of the parton model and the ACCMM model has already been done some time ago in Ref. [18] .
The outline of this work is as follows. In Sect. 2, we give a short introduction to the SF and LC approaches. Section 3 contains the results for R(∆Φ) for three choices of ∆Φ underlying recent experimental measurements by BABAR and BELLE. In addition to R(∆Φ), we also present in Sect. 3 distributions in several kinematical variables and compare them with measured differential decay distributions. Section 4 contains a summary and the conclusions.
Theoretical ingredients 2.1 Perturbative differential decay rate
The differential decay width of B → X u lν l has been calculated up to first order in the strong-coupling constant α s by De Fazio and Neubert [19] using a fictitious gluon mass to regulate soft and collinear gluon contributions. This result has been confirmed using dimensional regularization for the soft and collinear singularities in Ref. [20] and by us. The quantity of interest is the triple differential decay rate d 3 Γ/(dx dz dp 2 ) of
where X u = u or X u = u + g in the case of single-gluon emission and the assigned fourmomenta are displayed in parentheses. Introducing p = p u + p g and q = p l + p ν , we have p b = p + q. The variables x, z, andp 2 are defined as
with G F being Fermi's constant, is the total decay rate at leading order (LO) and
with Li 2 being the Spence function. By integrating over x, one obtains the well-known O(α s ) formula for the total decay rate of b → X u lν l :
Formulas for other doubly differential distributions like d 2 Γ/(dz dp 2 ) and d 2 Γ/(dx dz) or singly differential distributions like dΓ/dz and dΓ/dp 2 may be found in Ref. [19] . From d 2 Γ/(dz dp 2 ), also the distribution in the hadronic invariant mass M X can be calculated. In the heavy-quark limit, where
where Λ = M B − m b .
SF approach
In kinematic regions close to the phase space boundaries, the perturbative spectra are infrared sensitive and expected to receive large non-perturbative corrections. Such corrections are due to the motion of the b quark inside the B meson and are usually referred to as Fermi-motion corrections [13] . In the singly differential spectra, such regions are
for the hadronic energy spectrum, and the low-hadronic-mass region M One popular method to incorporate Fermi-motion effects is the introduction of a SF F (k + ), which is supposed to describe light-cone momentum distribution of the b quark inside the B meson [11, 12] . The component k + of the b-quark light-cone momentum varies between −m b and Λ with a distribution centered around k + = 0 and having a characteristic width of O Λ . The physical B-meson decay distributions are calculated from a convolution of the perturbative b-quark decay spectra with F (k + ). This is done by replacing the b-quark mass by the momentum-dependent mass m b + k + . Similarly, the parameter Λ is replaced by Λ − k + [11] . Introducing q + = Λ − k + , the charged-lepton energy distribution, for example, is modified to become [19] 
where dΓ/dx is the perturbative spectrum given in Eq. (6), x q = 2E l /(M B − q + ), and the charged-lepton energy E l varies in the range 0 ≤ E l ≤ M B /2. The analogous formulas for the distributions in the total hadronic energy and the hadronic mass may be found in Ref. [19] and will not be repeated here. Since we wish to calculate the fractional decay rate with cuts on E l and M X , we need the doubly differential distribution d 2 Γ/(dE l dM X ). This and the triply differential distribution d 2 Γ/(dE l dM X dq 2 ) are derived analogously to Eq. (11) . After the implementation of the SF, the kinematic variables take values in the entire phase space determined by hadron kinematics. For example, the maximum lepton energy is E max l = M B /2, whereas it is equal to m b /2 for the phase space of the perturbative decay rate.
Several functional forms of F (k + ) are available in the literature. They are constrained through moments A n = k n + of F (k + ), which are related to the forward matrix elements of local operators on the light cone [10] . The first three moments are
where µ 2 π is the average momentum square of the b quark inside the B meson [22] . In our analysis, we adopt the exponential form [23] 
which obeys A 1 = 0 if one neglects terms exponentially small in m b /Λ. The condition A 0 = 1 fixes the normalization factor N, and the parameter c is related to the second moment as
So, the b-quark mass m b (or Λ) and the parameter c (or µ 2 π ) are the two input parameters of F (k + ). Our choice of Λ and µ 2 π will be specified in Sect. 3, when we present our results for the cut-dependent partial decay rates R(∆Φ).
LC approach
Since the B meson is heavy, the momentum transferred in the decay to the final state is, in most regions of phase space, much larger than the energy of hadronic binding, which is of O(Λ QCD ). This suggests that the semileptonic decay of the B meson can be treated in a way analogous to deep-inelastic scattering (DIS) in lepton-proton collisions. There, LC dynamics dominates DIS and leads to the well-known scaling of the DIS structure functions. This is implemented in the parton model, where in LO the structure functions are given by the parton distribution functions. These are functions of the scaling variable ξ, which relates the parton four-momentum p q = ξp p to the proton four-momentum p p . In an analogous manner, the hadron decay process B → X u lν l is modeled by convoluting the parton decay process b → X u lν l with the distribution function f (ξ) of the momentum p b = ξp B of the b-quark inside the B meson according to
This has the consequence that m b = ξM B is also smeared with the variable ξ. The distribution function f (ξ) can be expressed in terms of the matrix element of the LC bilocal b-quark operator between B-meson states as [24] f (ξ) = 1 4πM
where U(0, y) is a gauge link associated with the background gluon field that ensures the gauge invariance of f (ξ). The distribution function f (ξ) is positive and has non-zero values for 0 ≤ ξ ≤ 1 only. It fulfills three sum rules [24] . One of them is due to b-quark number conservation and reads
Reducing the bilocal operator in Eq. (16) to a local one with the help of the operator product expansion [24] in heavy-quark effective theory (HEQT), one obtains two more sum rules. They determine, up to
, the mean value µ and the variance σ 2 of f (ξ), which characterize the position of the maximum and the width of the distribution [24] :
where
h|B ,
Here, g s = √ 4πα s , h is the b-quark field, G αβ is the field strength tensor of the strong force, and D is the covariant derivative involving the gluon field. The matrix elements 
The parameter λ 2 can be extracted from the B * -B mass splitting yielding
π , introduced earlier, will be specified in Sect. 3, when we present our results. If we introduce these two parameters in Eq. (18), we have
Of course, the three parameters m b , λ 1 , and λ 2 only constrain the position of the maximum and the width of the distribution. For numerical evaluations, one needs the whole function f (ξ), for which we adopt the ansatz [15, 25] 
The parameters a and b are determined from the values of µ and σ 2 . The normalization factor N is fixed by Eq. 
Numerical results
The large background from B → X c lν l is the main limitation for measuring |V ub |. To reject this background, kinematic cuts have to be applied. Depending on these cuts, the acceptance for B → X u lν l decays is reduced. With such acceptance cuts applied, the calculation of the B → X u lν l decay rate is more complicated and, in particular, influenced much more strongly by the modeling of the non-perturbative B → b transition than without cuts.
In recent experimental analyses, four types of cuts have been introduced to separate B → X u lν l decays from the much more abundant B → X c lν l decays. First, various cuts on the charged-lepton energy E l (with or without an additional cut on the invariant mass M X of the hadronic system) were used by the CLEO [2] , BABAR [4, 5] , and BELLE [8] collaborations. The three other cut scenarios, which were adopted by BABAR [3] and BELLE [7, 9] and which we shall consider here, combine cuts on E l with cuts on M X , the invariant mass square q 2 of the leptonic system [26] , and the variable P + = E X − | p X | [27] , where E X and p X are the energy and three-momentum of the hadronic system X u , respectively. Specifically, they are defined as: (1) E l > 1 GeV, M X < 1.7 GeV, and q 2 > 8 GeV 2 ; (2) E l > 1 GeV and M X < 1.7 GeV; and (3) E l > 1 GeV and P + < 0.66 GeV. The corresponding fractional decay rates will be denoted as r 1 , r 2 , and r 3 , respectively. They all depend on the description of the non-perturbative b → B transition, for which we shall use the SF and LC approaches as discussed in the previous section. Before we can present our results for r 1 , r 2 , and r 3 , we need to know the change of the fully integrated decay rate of B → X u lν l due to the Fermi motion of the b quark inside the B meson. Therefore, we write
where Γ(b → X u lν l ) is given by Eq. (9) and the deviation of r 0 from unity measures the influence of the Fermi motion. The results for r 0 evaluated in the SF and LC approaches with the fixed value α s = 0.22 are given in Tables 3 and 4 , respectively, for the same values of m b and λ 1 as in Tables 1 and 2 . We see that, in both approaches, r 0 is approximately equal to one. The variation with m b is very small; r 0 mostly depends on λ 1 . The deviation of r 0 from unity is because the factor m b in Γ 0 [see Eq. (7)] is replaced by m b +k + 5 in the 
where A 2 is given in Eq. (14) . This yields r 0 = 1.0374 for m b = 4.72 GeV, almost the same value as in Table 3 . The derivation comes from the higher moments, which must be even smaller. Of course, these results do not imply that the integrated decay rate is almost independent of m b . On the contrary, it is proportional to m 
which yields r 0 ≈ 1.0168 for our default values of m b , λ 1 , and λ 2 . Comparison with Table 4 reveals that, in the LC case, the higher moments are more important than in the SF case. Since the error of r 0 is doubled as compared to the SF case, the error in the integrated decay rate is also larger. From Tables 3 and 4 , we may also conclude that parton-hadron duality is realized to good approximation for the total decay rate, r 0 being close to unity. Next we present our results for the fractional decay rates r 1 , r 2 , and r 3 . For the SF approach, they are listed in Table 5 for the same choices of m b and λ 1 as above.
The central values are r 1 = 0.362, r 2 = 0.676, and r 3 = 0.602. The results for the LC approach are given in Table 6 , the central values being r 1 = 0.360, r 2 = 0.694, and r 3 = 0.667. They are similar to the SF case, expect for r 3 , which is larger in the LC case. The SF to LC ratios read 1.00, 0.97, and 0.90. Thus, the fractional decay rates are remarkably similar in the two approaches and differ only little from the results r 1 = 0.34, r 2 = 0.66, and r 3 = 0.57 obtained in Ref. [10] , which were used in Ref. [30] to determine |V ub | through a global analysis of the available experimental data. As expected, the values of r 1 , r 2 , and r 3 depend much more strongly on m b than on λ 1 , both in the SF and LC approaches. The variations of r i with these two parameters are larger in the LC approach than in the SF approach. If we express these variations as errors, we have r 1 = 0.362 −0.479 in the LC approach. We notice that, in the LC approach, r 3 becomes abnormally small for m b = 4.64 GeV and λ 1 = −0.15 GeV 2 . The similarity of the fractional decay rates r 1 , r 2 , and r 3 in the two approaches considered here might be related to a fortunate choice of the cut parameters E min l , M max X , (q 2 ) min , and P max + , whereas the distributions in M X , q 2 , and P + for a fixed value of E min l = 1 GeV say, could differ significantly. To elucidate this point, we calculate the partial decay fractions r 1 , r 2 , and r 3 as functions of the cut parameters M max X , (q 2 ) min , and P max + for the default values of the input parameters, m b = 4.72 GeV (Λ = 0.5592 GeV) and λ 1 = −0.25 GeV 2 . For this purpose, we definẽ 
which are related to r 1 , r 2 , and r 3 as
r 2 =r 2 (1.7 GeV), r 3 =r 3 (0.66 GeV).
In Fig. 1 ,r 1 is plotted as a function of (q 2 ) max for the SF (solid line) and LC (dashed line) approaches. We observe that the difference between the two approaches is rather small over the whole range of (q 2 ) max , way up to 25 GeV 2 . Later, when we compare with experimental measurements, we shall see that the same holds true for the normalized distribution (1/Γ)dΓ/dq 2 with the above cuts on E l and M X . The situation is very similar forr 2 , which is shown as a function of M max X in Fig. 2 . Here, the difference between the two approaches is appreciable only for small values of M max X , for M max X ∼ < 1.5 GeV. The situation is very different forr 3 , which is depicted as a function of P max + for the two approaches in Fig. 3 . We observe that the two distributions coincide at P max + ≈ 0.6 GeV, where their slopes are very different, however. The result of the LC approach is somewhat larger above this value of P max + , way up to P max + ≈ 1.2 GeV, while is significantly smaller below. As we shall illustrate below, this may be understood by considering the normalized P + distribution (1/Γ)dΓ/dP + with the cut E l > 1 GeV, which is very different for the two approaches. It turns out that the choice of E min l is not responsible for this difference.
As for measurements of fractional decay rates R(∆Φ), experimental data for the normalized distributions (1/Γ)dΓ/dM X and (1/Γ)dΓ/dP + with cuts on E l have been published and can be compared to the respective distributions evaluated in the SF and LC approaches (see Ref. [16] for a similar comparison). Specifically, (1/Γ)dΓ/dM X distributions with E l > 1 GeV have been published by BABAR [3, 6] and BELLE [9] . In Figs. 4 and 5, we compare these measured distributions to our predictions in the SF and LC approaches. Both the measured and predicted distributions are normalized to unity in the signal region, which is defined by M X < 2.5 GeV for BABAR [6] and by M X < 1.7 GeV for BELLE [9] . From Figs. 4 and 5, we see that the predictions in the SF approach are in reasonable agreement with both measurements, whereas the distributions of the LC approach are much too narrow and their peaks are much higher than in the measured distributions. A similar comparison is performed in Fig. 6 for the normalized distribution (1/Γ)dΓ/dP + with E l > 1 GeV measured by BELLE [9] . Both the measured and calculated distributions are normalized to unity in the signal region defined by P + < 0.66 GeV. Again, the distribution in the SF approach agrees more or less with the experimental data, whereas the one in the LC approach is much too narrow. BELLE [9] also presented experimental data on the normalized distribution (1/Γ)dΓ/dq 2 with E l > 1 GeV normalized to unity in the signal region defined by M X < 1.7 GeV and q 2 > 8 GeV 2 . These are compared in Fig. 7 with the predictions based on the SF and LC approaches. Here, the two theoretical distributions are very similar and both agree with the measurement reasonably well.
Finally, we turn to the charged-lepton energy distribution dΓ/dE l . In analogy to Eqs. (26)- (28), we define the fractional decay ratẽ
In Tables 7 and 8 , we present the values ofr 4 (2.3 GeV) evaluated for various values of m b and λ 1 in the SF and LC approaches, respectively. We notice that, for given values of m b and λ 1 , the results in the two approaches differ appreciably. In particular,r 4 (2.3 GeV) depends much more strongly on m b for fixed λ 1 and vice versa in the LC approach as compared to the SF approach. This is due to the fact that the E l distribution falls off much more rapidly towards the threshold at E max l = M B /2 in the LC approach as compared to the SF approach (see Figs. 9-11 ). Of course, this effect diminishes if E max l is taken to be smaller than 2.3 GeV. In this case, also the sensitivity ofr 4 (E max l ) on m b and λ 1 is reduced. The SF result forr 4 (2.3 GeV) agrees quite well with the value used by CLEO [2] to determine |V ub | from the data points in the range 2.3 GeV < E l < 2.6 GeV. for the SF (solid line) and LC (dashed line) approaches. We observe that, as E max l approaches its kinematical upper limit, the LC result is saturated appreciably earlier than the SF one. This would lead to an according difference in the value of |V ub | extracted from the data if a large E max l cut were imposed. For E max l ∼ < 2 GeV, the SF and LC results forr 4 are very similar. In Figs. 9, 10, and 11, we compare the normalized E l distributions (1/Γ)dΓ/dE l predicted by the SF and LC approaches with measurements by CLEO [2] , BABAR [5] , and BELLE [8] , respectively. Both the measured and calculated distributions are normalized to unity in the signal region, which is defined by E l > 2.30 GeV for CLEO [2] and by E l > 2.25 GeV for BABAR [5] and BELLE [8] . In the signal region, where the background from b → c transitions is expected to be minimal, the SF results agree with the CLEO, BABAR, and BELLE data quite satisfactorily, while the LC results are clearly disfavored. In fact, the E l distributions of the LC approach drop off much too strongly towards the threshold at E l = M B /2 and deviate from the data throughout the signal region. This disagreement again points to the inadequacy of the LC approach to describe the non-perturbative effects in B → X u lν l decays, which was already noticed for the M X and P + distributions in Figs. 4-6 . Finally, we should note that, in Figs. 9-11, the theoretical predictions refer to the rest frame of the B meson, while the experimental data refer to that of the Υ(4S) meson. However, since the motion of the B mesons in the Υ(4S) rest frame is non-relativistic, this mismatch is rather insignificant in comparison with the experimental errors.
Conclusions
We studied non-perturbative effects on B → X u lν l decays due to the motion of the b quark inside the B meson adopting two approaches frequently discussed in the literature, namely the shape-function formalism and the parton model in the light-cone limit. While these effects are generally small for the total decay rate, they may become substantial once kinematic acceptance cuts are applied. In fact, such acceptance cuts are indispensable in practice in order to suppress the overwhelming background from B → X c lν l decays. We considered three cut scenarios, involving the invariant mass M X of the hadronic system X u , the variable P + = E X − | p X | related to the energy E X and the three-momentum p X of X u , the invariant mass square q 2 of the leptonic system, and the charged-lepton energy E l , that were adopted in recent experimental analyses by the CLEO, BABAR, and BELLE collaborations. Comparisons with decay distributions in M X , P + , and E l measured in these experiments disfavor the light-cone approach. The decay distribution (1/Γ)dΓ/dM X with E l > 1 GeV normalized to unity in the signal region (M X < 2.5 GeV) as predicted in the SF (solid line) and LC (dashed line) approaches is compared with BABAR data [6] . Figure 5 : The decay distribution (1/Γ)dΓ/dM X with E l > 1 GeV normalized to unity in the signal region (M X < 1.7 GeV) as predicted in the SF (solid line) and LC (dashed line) approaches is compared with BELLE data [9] . Figure 6 : The decay distribution (1/Γ)dΓ/dP + with E l > 1 GeV normalized to unity in the signal region (P + < 0.66 GeV) as predicted in the SF (solid line) and LC (dashed line) approaches is compared with BELLE data [9] . 2 with E l > 1 GeV normalized to unity in the signal region (M X < 1.7 GeV and q 2 > 8 GeV 2 ) as predicted in the SF (solid line) and LC (dashed line) approaches is compared with BELLE data [9] . 
